Introduction
Smooth plane quartics and their bitangent lines have attracted the interest of many mathematicians from various points of views. In this paper, we study arrangements consisting of a smooth quartic and its bitangent lines with regards to their embedded topology in the context of Zariski pairs, the concept of which was first introduced in [1] .
Let C 1 , C 2 ⊂ P 2 be plane curves. Then C 1 and C 2 are said to be a Zariski pair if it satisfies the following two conditions:
1. There exist tubular neighborhoods T (C i ) of C i (i = 1, 2) such that the pairs (T (C 1 ), C 1 ) and (T (C 2 ), C 2 ) are homeomorphic as pairs.
2. The pairs (P 2 , C 1 ) and (P 2 , C 2 ) are not homeomorphic as pairs.
The notion of a Zariski pair can be generalized to any number of curves C 1 , . . . , C r , where we require any two curves to be Zariski pairs. The first condition above is equivalent to saying the C 1 and C 2 have the same combinatorial type which can be calculated algebraically. Thus a Zariski pair is a pair of plane curves having similar algebraic properties however with subtle differences which contribute to the difference in the embedded topology. Hence, the key in studying Zariski pairs is to find a suitable method to detect the subtle differences. Many invariants have been used to this end such as the fundamental groups of the complements π(P 2 \ C i ), the Alexander polynomials ∆ Ci (t) and the existence/non-existence of certain Galois covers branched along C i (See [2] for a survey on these topics). Also, other more recent types of invariants called "splitting invariants" have been developed and been proved effective in studying reducible curves ( [3] , [4] , [13] , [14] ). However, as the number of irreducible components increase, these invariants become more increasingly complex, and it becomes difficult to manage the data they provide. One approach in resolving this problem is to consider all sub-arrangements of the curves as done in [6] , [5] . In this paper, we take another step further in this direction and apply the comcept of two-graphs and switching classes from graph theory (see Section 2 for definitions) in order to clarify the data of the splitting invariants, which enables us to find a new Zariski 5-ple of degree 9 and a 9-ple of degree 10.
Let Q be a smooth plane quartic. It is well known that a smooth plane quartic has 28 bitangent lines L 1 , . . . , L 28 . For a subset I ⊂ {1, . . . , 28}, let
Considering the curves of the above form, the case where |I| = 3 has been studied by E. Artal-Bartolo and J. Vallès where they found a Zariski pair, about which the authors were informed via private communication. The case where |I| = 4 has been treated by the authors together with H. Tokunaga where a Zariski triple was found ( [7] ). In this paper we consider the cases where |I| ≥ 5.
For each I, we can associate a two-graph or equivalently a switching class L I to Q + L I as will be explained in Section 3. Our first main result is the following.
are not homeomorphic as pairs. If furthermore Q + L I1 and Q + L I2 have the same combinatorial type, then they form a Zariski pair.
Remark 1.1. Two-graphs are well suited for describing the geometric conditions involved where as switching classes are more suited in executing the actual computations.
The number t n of equivalence classes of two-graphs with n vertices is known ( [9] ). The values for small n are given in the following table:
n 1 2 3 4 5 6 7 8 9 10 · · · t n 1 1 2 3 7 16 54 243 2038 33120 · · · A list of representatives for the above equivalence classes for n ≤ 7 can be found in [16] . The value t 3 = 2 corresponds to the Zariski pair found by E. Artal-Bartolo and J. Vallès. The value t 4 = 3 corresponds to the Zariski triple found by the authors and H. Tokunaga. However, for n ≥ 5, there are some two-graphs that do not appear in our situation, hence we need to check which equivalence classes actually appear. We were able to check the cases for n = 5, 6 by hand, which gives our second main result. Theorem 1.2. Under the notation given above, the numbers of equivalence classes of two-graphs obtained from curves of the form Q + L I when |I| = 5, 6 are 5, 9, respectively. Thus we have the following.
1. There exists a Zariski 5-ple of curves of the form Q + L I with |I| = 5.
2. There exists a Zariski 9-ple of curves of the form Q + L I with |I| = 6.
For cases where n ≥ 7, the discrepancy between the number of equivalence classes of all two-graphs and the number of two-graphs that actually appear in our situation become large, hence a deeper analysis is needed, which we hope to accomplish in the near future.
The organization of this paper is as follows. In Section 2 we state the definition and basic properties of two-graphs and switching classes. In Section 3 we explain how to associate a two-graph to Q + L I . In Section 4 we prove Theorem 1.1 and Theorem 1.2.
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Two-graphs and switching classes
In this section, we introduce two-graphs and switching classes which will be used in the proof Theorem 1.1. As for details, we refer to [10] . Let Ω = {ω 1 , . . . , ω n } be a finite set, and let Ω (3) be the set of all 3-subsets of Ω.
is a pair of a vertex set Ω and a triple set ∆ ⊂ Ω (3) , such that each 4-subset of Ω contains an even number of triples in ∆.
Sometimes, we omit ∆ and denote (Ω, ∆) simply by Ω when ∆ is clear from the context. Definition 2.2. Two two-graphs (Ω 1 , ∆ 1 ) and (Ω 2 , ∆ 2 ) are said to be equivalent if there exists a bijection ψ :
In order to handle two-graphs easily, we consider switching equivalence on simple graphs. Let (V, E) be a finite simple graph defined by its labeled vertex set V = {v 1 , . . . , v n } and its edge set E, where |V | = n for fixed n. As is well known, the graph (V, E) can be described by its adjacency matrix, which has the elements zero on the diagonal, −1 and +1 elsewhere according as the corresponding vertices are adjacent and non-adjacent, respectively. Then, as in [16] , switching-equivalence is defined as follows: Definition 2.4. The graphs (V, E) and (V , E ) are switching-equivalent if the adjacency matrix A of (V, E) changes to the adjacency matrix A of (V , E ) by the following two operations:
• Multiply by −1 any row and the corresponding column.
• Interchange of two rows and, simultaneously, of the corresponding columns. The equivalence classes with respect to switching equivalence will be called switching classes.
Remark 2.1. The name "switching" comes from the fact that the former one of the two operations corresponds to "switching" the existence/non-existence of the edge of the corresponding graph.
When we consider switching-equivalence directly in terms of the graph, the following Lemma holds:
Lemma 2.1 ( [10] , Lemma 3.9). Let (V, E) and (V , E ) be finite simple graphs. Then, the graphs (V, E) and (V , E ) are switching-equivalent iff there exists a bijection ψ : V → V such that the parity of the number of edges among
For any graph (V, E) with four vertices, it can be easily checked that the number of triples {v i , v j , v k } ⊂ V that have an odd number of edges among them is even. Therefore we can associate a two-graph (Ω V , ∆ V ) to a switching class (V, E) by setting Ω V = V and
In fact, this correspondence gives a bijection between switching classes and two-graphs as in the following theorem.
Theorem 2.2 ([10], Theorem 4.2).
Given n, there is a one-to-one correspondence between the two-graph structures and the switching classes of graphs on the set of n elements.
3 Two-graphs and switching classes associated to configurations of bitangents
In this section, we explain how we associate two-graphs and switching classes with plane curves of the form Q + L I under our setting.
Two-graphs associated to Q + L I
Let Q be a smooth plane quartic. It is well known that a smooth plane quartic has 28 bitangent lines
As will be shown below (L I , ∆ I ) becomes a two-graph.
Definition 3.1. The two-graph L I = (L I , ∆ I ) is said to be the two-graph associated to Q + L I .
The existence of a conic is related to the concept of "connected numbers" as in the following Proposition. See [14] or [7] for details on connected numbers.
Proof. The same statement for smooth cubic contact curves instead of L i +L j + L k is proved in [4, Proposition 3.3] . The same proof works in our case where Proof. By [7, Lemma 3.5] , the number of triples in each 4-subset of L I having connected number equal to 2 must be even. Hence, by Proposition 3.1 the statement holds.
Note that if I ⊂ I, then L I can be identified with an induced sub-two-graph of L I via the obvious inclusion map.
Switching classes associated to Q+L I via the E * 7 lattice
To a quartic Q and a smooth point z ∈ Q, a rational elliptic surface S Q,z can be associated as described in [15] . The properties of S Q,z and its group of sections give valuable data in studying configurations involving Q. When Q is a smooth quartic and z ∈ Q is a general point, by [11] , the Mordell-Weil lattice MW(S Q,z ) is isomorphic to the dual root lattice E * 7 . The lattice E * 7 can be realized as a sub-lattice of R 8 in a way so that the 56 minimal vectors of norm 
where 1 ≤ j < k ≤ 8. We also denote the 56 minimal vectors ±u jk by ±v 1 , . . . , ±v 28 for convenience. On the other hand, corresponding to the 56 minimal vectors in E * 7 , there are 56 C(t)-rational points. Note that, by [12] , the lines obtained from the x-coordinates of the 56 C(t)-rational points are bitangents of Q. Hence, each pair ±v i corresponds to a bitangent L i . Conversely, any bitangent can be obtained by this way. Now for I ⊂ {1, . . . , 28} with |I| = n (1 ≤ n ≤ 28), by choosing a representative v i from each pair ±v i , we obtain a set of minimal vectors {v i | i ∈ I}. Then, we construct a simple graph (V I , E I ) from {v i | i ∈ I} as follows:
• Define the edge set E I as follows:
The construction above depends on the choice of representatives {v i }. However, choosing −v i instead of v i corresponds to switching the existence/nonexistence of the edges of the corresponding graph as in §2. Hence, we have a switching class represented by (V I , E I ) associated to the set of bitangents L I .
Example 3.1. [n = 4] Denote each 56 minimal vectors ±u jk by ±v i , which satisfies v 1 = u 14 , v 2 = u 18 , v 3 = u 28 , v 4 = u 38 . Take I := {1, 2, 3, 4} ⊂ {1, . . . , 28}, then we obtain a simple graph (V I , E I ):
The switching class represented by (V I , E I ) corresponds to the two graph (
with
The parity of the number of edges in each triple of the graph (V I , E I ) is characterised by the following Proposition. 
Proof. By [7] , the connected number of L i1 + L i2 + L i3 equals 2 if and only if the number of edges of the corresponding triple {v i1 , v i2 , v i3 } of the corresponding graph is 1 or 3.
So far, we have defined two objects associated to Q + L I , the two-graph L I and the switching class (V I , E I ). Actually the two objects are compatible in the following sense. Proposition 3.3. The two graph corresponding to the switching class represented (V I , E I ) and the two-graph L I are equivalent.
Proof. This is a direct consequence of Proposition 3.1 and 3.2.
Proof of Main Theorems
In this section we prove Theorem 1.1 and Theorem 1.2. First, we consider Theorem 1.1. 
Proof. Since Q is a genus 3 curve and the other irreducible components are lines h(Q) = Q necessarily, hence h induces a bijection h * :
. This implies that h * is an equivalence of two-graphs.
The contrapositive of Proposition 4.1 gives Theorem 1.1.
Next, we consider Theorem 1.2. First, we consider the combinatorics of the arrangements of quartics and bitangent lines. For a general quartic, we have the following lemma:
Lemma 4.1. Let Q be a general smooth quartic curve. Then the following hold:
1. Every bitangent line is a proper bitangent, i.e. it is tangent to Q at two distinct points.
2. Any set of three bitangent lines do not intersect at a single point.
Proof. Do to the openness of the conditions, it is enough to find an example satisfying the statements. An example can be constructed using Riemann's Equations for bitangent lines given in [8, Section 6.1.3].
As a direct consequence of Lemma 4.1, we have the following proposition. Since Proposition 4.2 assures that all the curves of the form Q + L I that we are considering have the same combinatorics, Theorem 1.1 implies that the remaining thing that we need in order to prove Theorem 1.2 is the existence of curves with different two-graph structures on I. For the existence, we provide concrete examples, but not all possible two-graph structures appear. In order to prove the non-appearance of some of the two-graphs in our case, we prepare some more lemmas.
Proof. As in the proof of [4, Proposition 3.3] , if there exists a conic C through the six points of tangency of Q and L i , L j , L k , the line L l through the remaining two intersection points of C and Q must be a bitangent line. The existence of the conic implies that the other three triples
The uniqueness of L l follows from the uniqueness of a conic passing through six points. Now we are ready to prove Theorem 1.2. First, we consider the case where |I| = 5. Among the switching classes in Figure 2 , we have proved in Lemma 4.3 that the cases (5, 7), (5, 10) cannot appear. For the other cases, we can find explicit combinations of minimal vectors ±u ij ∈ E * 7 giving the desired switching classes, for example:
